JOÃO PAULO COSTALONGA ABSTRACT. In this paper we establish a variation of the Splitter Theorem. Let M and N be simple 3-connected matroids. We say that x ∈ E (M) is vertically N -contractible if si (M/x) is a 3-connected matroid with an N -minor. Whittle (for k = 1, 2) and Costalonga(for k = 3) proved that, if r (M)−r (N ) ≥ k, then M has a k-independent set I of vertically N -contractible elements. Costalonga also characterized the obstruction for the existence of such a 4-independent set I in the binary case, provided r (M) − r (N ) ≥ 5, and improved this result when r (M) − r (N ) ≥ 6, and in the graphic case. In this paper we generalize such results to the non-binary case. Moreover, we apply our results to the study of properties similar to 3-roundedness in classes of matroids.
INTRODUCTION
We follow the definitions and notations set by Oxley [9] , with the following addend: if I is an independent set of M spanning x, we denote C M (x, I ) as the circuit of M contained in I ∪ x.
Let M be a 3-connected matroid, x ∈ E (M) or X ⊆ E (M) is vertically contractible in M if si (M/x) or si (M/X ) is 3-connected, respectively. If M/x (or M/X ) is 3-connected, we say that x (or X ) is contractible in M. If N is a matroid, we say that x (or X ) is vertically N -contractible in M if si (M/x) (or si (M/X )) is a 3-connected matroid with an N -minor. Analogously, x (or X ) is N -contractible if M/x (or M/X ) is 3-connected with an N -minor.
Contractible and vertically contractible elements are widely used for inductive proofs of results about 3-connected matroids. When working in a class of matroids with an specific N -minor, this role is better played by N -contractible and vertically N -contractible elements.
The most known result about N -contractible elements is Seymour's Splitter Theorem [12] . Several variations of this Theorem have been published, as in [2] , [3] , [6] , [4] , [5] , [7] and [15] . The reader can see Chapter 12, especially Section 12.3 of [9] for a better contextualization.
Whittle [15] (for k = 1, 2) and Costalonga [5] , (for k = 3) proved: Theorem 1.1. Let k ∈ {1, 2, 3}. Let N be a 3-connected minor of a 3-connected matroid M, satisfying r (M) − r (N ) ≥ k. Moreover, suppose that N is simple or that r (M) = 2. Then M has an k-independent set, whose elements are vertically N -contractible.
We remark that the hypothesis of N being simple when r (M) = 2 was not observed in [15] and [5] . Their proofs use implicitly the fact that N is simple, being correct under this assumption. But we have a counter-example when M ∼ = U 2,n and N ∈ {U 1,2 ,U 1,3 }. In other hand, it is straightforward to check that the simplicity of N is not required if r (M) = 2. With the lemmas we establish here we give a short proof for Theorem 1.1 in the end of Section 2.
The previous proofs of Theorem 1.1 were based on the reduction to a matroid in the form M\S, where S is a maximal subset of E (M) such that M\S is 3-connected and r (M) = r (M\S). The problem in using this technique to identify the obstructions for Theorem 1.1 to hold for greater values of k is that we will find then in M\S and it is hard to know how they extend to M. Figure 1 , there is a graphic representation of these concepts. The circled vertices represents triads. 
We denote the set of the vertically N -contractible elements of M by V N (M).
Theorem 1.2. Let M and N be a 3-connected matroids such that M has an
If we combine this Theorem with Lemma 3.6 we conclude: 
In the graphic case, Costalonga [5] proved the following: Next we present an application of the main result. Let F be a class of matroids. We say that a matroid M has an F -minor if it has a minor isomorphic to a matroid in F . We define F to be k-rounded if: (RD1) each member of F is (k + 1)-connected, and (RD2) if M is a (k + 1)-connected matroid with an F -minor and X is a k-subset of E (M), then M has an F -minor with X contained in its ground set.
Seymour [14] proved, for k = 1, 2 that the task of verifying if a finite class of matroids is krounded is finite, in particular, the verifications of (RD2) are reduced to the 3-connected single-element extensions and coextensions of the elements of M. The most known 2-rounded class of matroids is {U 2,4 } (Seymour [13] ). Several other examples may be found in [9] , page 481. Let N be a class of matroids. We say that a class F of 3-connected matroids is (3, k)-rounded in N provided (3KR) if M is a 3-connected matroid in N with an F -minor and X ⊆ E (M) such that |X | = k, then M has an F -minor with X contained in its ground set. Although such terminology was introduced here, Oxley [10] already proved that {U 2,4 , W 
We say that a class of matroids R is a class of representatives of F if each matroid in F is isomorphic to a matroid in R.
, k] has a finite class of representatives when F is finite, Theorem 1.6 proves that, in finitely many steps, we can check if F is (3, k)-rounded. The next corollary gives a strategy to find interesting (3, k)-rounded classes of matroids.
Corollary 1.7. Let N be a class of matroids closed under minors, duals and isomorphisms and let k ∈ {1, 2, 3}. If F is a finite class of 3-connected matroids, then there is a finite (3, k)-rounded class of matroids containing F and whose minimal elements are in F . In particular one of these classes is a minimal class of representatives of
We define a class F of 3-connected matroids to be (3, k, l )-rounded in N provided (3KLR) if M is a 3-connected matroid in N with an F -minor and X ⊆ E (M) such that |X | = k and r (X ) ≤ l , then M has an F -minor with X contained in its ground set. In [1] it is proved that the following classes are (3, 3, 2)-rounded: {U 2,4 } and {U 2, 4 
Naturally, we have an analog of Corollary 1.7 for this case. Moreover, if we switch the condition "|X | = k" in (3KLR) by "|X | ≤ k" or "|X | ≥ k" or other suitable predicatives, analogous theorems will hold. Similarly we may change "r (X ) ≤ l " by "r (X ) = l ".
The criteria given in these theorems have a rank and corank gap that make its verification computationally hard. But in some cases, as when N is the class the matroids representable over a certain field, computer-based approach is feasible. In other cases, some particularities of the class F may be used. Theorem 1.8 shows that if the subclass of N formed by the matroids up to a fixed rank has a finite set of representatives under isomorphisms, then the task of deciding if F is vertically (3, k, l )-rounded in N is finite for l = 2, 3, again the class of representable matroids over a field is a feasible example. Moreover if k = 2, 3, then this last hypothesis over N can be droped, in this case proceed as in the proof of Theorem 1.6.
CONFIGURATIONS
We define, for 3-connected matroids M and N , (C *
and {x, p} is vertically N -contractible for some x ∈ C * (and therefore, for every x ∈ C * , according to Lemma 2.2). We say that (C * 
, p) is said to be connected or disconnected according whether M|(C * ∪ p) is a connected or disconnected matroid respectively. For a rank-3 simple matroid H it is easy to verify that H is connected having a 4-circuit or H has a coloop. So, if we define H := M|(C * ∪ p) we may check that, in the case that H is disconnected, there is a line L of M that contains p and an element x ∈ C * such that E (H) = L ∪ x, where x is a coloop of H. In such situation we simply define x as the coloop and L as the line of such disconnected (M, N )-configuration.
It follows from Lemma 2.3 and from the observations above that:
Lemma 2.5. Let M and N be a 3-connected matroids. Suppose that (C
It is also straightforward from Lemma 2.3 that:
Lemma 2.6. For 3-connected matroids M and N , the coloop of every disconnected (M, N )-configuration is vertically N -contractible in M.
The next two lemmas also have straightforward proofs. 
Proof. First we show:
x is in no triangle of M and all triangles of M that meet L − p are contained in L.
Let T be a triangle of M not contained in L. By orthogonality with C * , x ∈ T if and only Next we show:
, we have that:
a contradiction to the 3-connectivity of M/x. So the first part of 2.8.2 holds for i = 1. In particular, note that the first part of 2.8.2 for i = 1 implies that p ∈ A 2 . Then, analogously, 2.8.2 holds also for i = 2.
From the fact that p ∈ cl M/x (A 1 ∪ K ) and from 2.8.2, for i = 1, it follows that:
and as {A 1 , A 2 } is a 2-separation for M/x\K , then:
We will verify now that the latter of these inequalities holds. Suppose for a contradiction that the former one holds. 
a contradiction to the fact that M/x is 3-connected. So 2.8.3 holds.
By orthogonality with L, we have D * −L = {y}. Since M/x has no cocircuits with rank less than 3, it follows that
This proves the lemma. Proof of Theorem 1.1: Since every 3-connected matroid with rank at least 3 has an U 1,3 -minor, we may suppose that N is simple.
For k = 1, the result is straightforward from the Splitter Theorem (see [9] , Lemma 12.3.11 for details). Let M and N be a counter-example to the theorem minimizing k. Then k ≥ 2. By the minimality of k applied twice, there is an element Let C 2 = C M (q 2 , {p, x 2 , y 2 }). As argued before, y 2 ∈ C 2 . By orthogonality with C * , C 2 = {p, y 2 , q 2 }. Since p ∈ C * 1 , by orthogonality with C * 1 , y 2 ∈ C * 1 or q 2 ∈ C * 1 . Hence C * 2 ⊆ cl M (C * ∪ C
